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A generalized connection, including Christoffel coefficients, torsion, non-metricity tensor
and metric-asymmetricity object, is analyzed according to the Schouten classification.
The inverse structure matrix is found in the linearized regime, autoparallel trajectories
are defined and the contribution of the components of the connection are clarified at
first-order approximation.
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1. Introduction
This paper is aimed at proposing an approach to a classification of affine-connection
geometries with an asymmetric metric tensor, according to the Schouten scheme,
starting from the definition of all objects and finding the compatibility conditions
between them. The overwhelming majority of the approaches to geometries with an
asymmetric metric (see 1 for a review of classical results) are physically motivated
by starting from a Lagrangian to derive both field equations and the definition of
the connection in terms of an asymmetric metric, by means of a Palatini variational
principle. However, such an approach is restricted from the very beginning by a
fixed Lagrangian, able to provide only a fixed class of geometries. Alternatively, a
classification of such geometries in analogy with that of Schouten 2 for the class of
affine-connection geometries with a symmetric metric would provide a proper un-
derstanding of the structure and variety of possible geometries with an asymmetric
metric.
In a generalized Schouten classification, the connection consists of four components,
i.e., Christoffel coefficients, the metric-asymmetricity object, generalized contortion
tensor, and non-metricity tensor. The role of these components can be analyzed
according to the different aspects of physics that are to be investigated. For a com-
parison between the macroscopic and the microscopic approaches in the case of
torsion, see 3.
In 4, two mechanical (macroscopic) examples are discussed, the case of a homoge-
neous disc rolling without sliding on a horizontal plane, and that of a homogeneous
ball rolling without sliding on a sphere. Here, the non-holomic connection introduced
by Schouten is analyzed in the context of Wagner’s proposal for the curvature ten-
sor.
On the other hand, two main research lines can be outlined from a quantum point
of view: that of Unified-Field theories, and that of Geometry-plus-Matter theories.
In general, these two approaches make different predictions.
In the first case, (see 5 and 6 for the earliest attempts, and 7 for a recent review),
all fields are geometrical. In 8, torsion is assumed vanishing, because it is linked
with spin 9, and matter is related with the non-symmetric part of the metric, while
dilaton with the non-metricity object.
In the second case, the coupling of matter fields with geometry has to be evaluated,
and the features of the connection components have to be interpreted. In 10, the
connection is established to be antisymmetric in the first two indices only for a
metric-compatible affine connection, and covariant differentiation for spinor fields
is investigated. The correlation between torsion and Yang-Mills fields is widely ex-
plored in 11: the mapping between these two kinds of fields is discussed in terms
of of differential geometry. As a result, Riemann-Cartan geometries are shown to
reproduce Yang-Mills equations, while Yang-Mills connections are illustrated to in-
duce richer structures.
After reviewing the Schouten classification, we will find the inverse of the ”struc-
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ture matrix”, which links the generalized connection with all the metric objects, in
the linear approximation. The expression of autoparallel trajectories will then be
evaluated in the first-order approximation. Brief concluding remarks follow.
2. Schouten classification
According to the Schouten classification 2, a non-Riemannian geometry of general
setting, with a symmetric metric tensor gµν and two different affine connections,
Πµνσ for the parallel transportation of covectors aµ and Θ
µ
νσ for the parallel trans-
portation of vectors vµ, is characterized by the presence of three tensors of rank
(1,2) which are responsible for the non-Riemannian character:
• a difference tensor between the two connections Sµνσ = Π
µ
νσ −Θ
µ
νσ;
• a torsion tensor T µνσ = 2Π
µ
[νσ] (square brackets denote antisymmetrisation)
• a non-metricity objecta Nµνσ = g
µεgνσ|ε due to the incompatibility of metric and
connection in general.
From the definition of the non-metricity object, one gets the connection Θµνσ
Θµνσ = Γ
µ
νσ +A
µ
νσ, (1)
where
Γµνσ =
1
2
gµε(gνε,σ + gσε,ν − gνσ,ε) (2)
is the metric connection, and Aµνσ is the so-called affine-deformation tensor, defined
as
Aµνσ = −S
µ
νσ + C
µ
νσ −D
µ
νσ, (3)
Cµνσ =
1
2
[
gρµ(T εσρgεν + T
ε
νρgεσ) + T
ε
νσg
µ
ε
]
(4a)
Dµνσ =
1
2
gµε(Nνε,σ +Nσε,ν −Nνσ,ε) (4b)
being the contortion tensor and the non-metricity tensor, respectively.
The case of Riemannian geometry is the totally degenerate case, Sµνσ = T
µ
νσ =
Nµνσ = 0.
2.1. Curvature tensor
The most important result of the Schouten classification is that the curvature tensor
Rαβρσ for the connection Θ
µ
νσ contains the Riemannian curvature M
α
βρσ of the
metric connection Γµνσ, decoupled from non-Riemannian contributions,
Rαβρσ =M
α
βρσ + 2A
α
β[σ;ρ] + 2A
α
ε[ρA
ε
βσ] (5)
awhere | denotes covariant derivation with respect to the connection Θ
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where ; denotes the covariant derivative with respect to Γµνσ (underlined indices
are not affected by antisymmetrisation). The decoupling of the Riemannian part
from the non-Riemannian one is important for the analysis of extra structures on
non-Riemannian spaces, especially in cases when such structures are known not
to exist on Riemannian manifolds, so that they may be expected to be compati-
ble with objects of non-Riemannian character. From the physical point of view, it
means that a field theory based on such a non-Riemannian geometry always con-
tains Riemannian gravity (general relativity with an appropriate Lagrangian) and
extra fields as non-Riemannian (non-gravitational) effects: a non-Riemannian ge-
ometry always contains the Riemannian part, as represented in general relativity,
with its Lagrangian, and extra fields due to the non-Riemannian structures.
3. Generalized Schouten classification of non-Riemannian
geometries with an asymmetric metric tensor
Let us now consider now an affine-connection geometry, with connections Πµνσ and
Θµνσ, as described above, and with an asymmetric metric tensor gµν , gµν 6= gνµ. A
generalized Schouten classification can be constructed for this case. An asymmetric
metric tensor gµν can always be split into its symmetric part sµν and antisymmetric
part aµν ,
gµν = sµν + aµν . (6)
The metric tensor sµν is assumed to lower and raise tensor indices together with
its inverse sµν . Similarly to the case of the symmetric metric, the analysis of the
incompatibility between metric and connectionb gµν|ρ = Nµνρ brings about the
following expression for the connection Πθκλ,
Πθκλ(δ
σ
θ δ
κ
ν δ
λ
ρ + g
σλδκρaθν + g
σκδλνaρθ) = Γ
σ
νρ +∆
σ
νρ +C
σ
νρ −D
σ
νρ , (7)
where Γσνρ is the usual Christoffel connection, while
∆σνρ =
1
2
sσµ(aµν,ρ + aρµ,ν − aνρ,µ) (8a)
Cσνρ =
1
2
[
sσµ(T ενµgερ + T
ε
ρµgεν) + T
ε
νρg
.σ
ε
]
(8b)
Dσνρ =
1
2
sσµ(Nµνρ +Nρµν −Nνρµ) (8c)
are the metric-asymmetricity object, the generalized contortion tensor, and the non-
metricity tensor, respectively, specified for the metric (6). The determinant of the
”hypercubic” structure matrix Jσκλθνρ ,
Jσκλθνρ = δ
σ
θ δ
κ
ν δ
λ
ρ + g
σλδκρaθν + g
σκδλνaρθ, (9)
bfrom now on, | will denote covariant derivation with respect to the metric part of the connection.
December 6, 2018 8:31 WSPC/INSTRUCTION FILE articlempla
Instructions for Typing Manuscripts (Paper’s Title) 5
is related to the existence of solutions of the system of inhomogeneous linear al-
gebraic equations (7) for the unknowns Παβγ similar to the case of usual quadratic
matrices.
3.1. Generalized curvature tensor
When the determinant is different from zero, the system has a non-trivial solution,
which can be expressed through the inverse structure matrix J˜ανρσβγ = (J
−1)
ανρ
σβγ ,
J˜ανρσβγJ
σβγ
µελ = δ
α
µδ
ν
ε δ
ρ
λ, as
Παβγ = (Γ
σ
νρ +∆
σ
νρ +C
σ
νρ −D
σ
νρ)J˜
ανρ
σβγ . (10)
This way, the curvature tensor for Παβγ can be written in the form
Rαβρσ = M˜
α
βρσ + 2A˜
α
β[σ‖ρ] + 2A˜
α
ε[ρA˜
ε
βσ], (11)
where M˜αβρσ is the curvature tensor for an affine connection Γ˜
α
βγ = (Γ
σ
νρ +
∆σνρ)J˜
ανρ
σβγ , A˜
α
βγ = (C
σ
νρ − D
σ
νρ)J˜
ανρ
σβγ is a generalized affine deformation tensor and
‖ is the covariant derivative with respect to Γ˜αβγ . Eq. (11) is a generalisation of (5)
for the case of an asymmetric metric. The extraction of the Riemannian curvature
tensor Mαβρσ from M˜
α
βρσ gives a direct analogue of (5 )
Rαβρσ =M
ε
νρλJ˜
ανλ
εβσ + Σ
α
βρσ(A˜
α
βσ,∆
α
βσ, J˜
ανρ
σβγ ), (12)
where Σαβρσ is a tensor constructed from generalised affine deformation tensor,
metric asymmetricity object and the inverse structure matrix and their derivatives.
3.2. Linear approximation
The determinant of Jσκλθνρ has been calculated in a perturbation expansion in terms
of small asymmetric metric, | aµν |≪| sµν |. Then, in linear approximation, the
matrix
Jσκλθνρ = δ
σ
θ δ
κ
ν δ
λ
ρ + s
σλδκρaθν + s
σκδλνaρθ (13)
has its inverse as
J˜ανρσβγ = δ
α
σ δ
ν
βδ
ρ
γ − s
ανδρβaγσ − s
αρδνγaσβ . (14)
Eq.s (7)-(12) are the main relations describing the structure of affine-connection
geometries with an asymmetric metric.
4. Autoparallel trajectories
So far, it is possible to analyze the expression of autoparallel trajectories. Be uµ =
dxµ/dλ the tangent vector to the curve xµ = xµ(λ). Because of the solution (14),
the autoparallel equation
duα
dλ
+Παβγu
βuγ = 0 (15)
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simplifies as
duα
dλ
+
(
Γσνρ +∆
σ
νρ + C
σ
νρ −D
σ
νρ
)
J˜ανρσβγu
βuγ = 0. (16)
Because of the symmetries of (14), (15) rewrites
duα
dλ
+ Γανρu
νuρ +∆σνρ
(
−sανaγσu
ρuγ + sαρaβσu
νuβ
)
+
+
1
2
sµν
(
T ǫνµgǫρ + T
ǫ
ρµgǫν
)
δασu
ρuσ +
1
2
T ǫνρg
σ
ǫ
(
−sανaγσu
ρuγ + sαρaβσu
νuβ
)
+
−
1
2
sσµ (Nµνρ +Nρµν −Nνρµ)
(
δασu
νuρ − sανaγρu
γuρ − sαρaσβu
βuν
)
= 0. (17)
If we expand the previous expression and keep only the terms linear in a, we obtain
duα
dλ
+ Γανρu
νuρ +
1
2
sµν
(
T ǫνµsǫρ + T
ǫ
ρµsǫν
)
δασu
ρuσ+
+
1
2
sµν
(
T ǫνµaǫρ + T
ǫ
ρµaǫν
)
δασu
ρuσ +
1
2
T ǫνρs
σ
ǫ
(
−sανaγσu
ρuγ + sαρaβσu
νuβ
)
+
−
1
2
sσµ (Nµνρ +Nρµν −Nνρµ)
(
δασu
νuρ − sανaγρu
γuρ − sαρaσβu
βuν
)
= 0. (18)
Assuming that a ∼ T ∼ N , we find, at first order,
duα
dλ
+Γανρu
νuρ+
1
2
sµν
(
T ǫνµsǫρ + T
ǫ
ρµsǫν
)
−
1
2
sσµ (Nµνρ +Nρµν −Nνρµ) δ
α
σu
ρuσ = 0.
(19)
It’s interesting to notice that torsion and the non-metricity tensor contribute at this
approximation order, while the metric-asymmetricity object provides a negligible
contribution.
5. Conclusions
A classification of non-Riemannian geometries with an asymmetric metric tensor
has been proposed according to the Schouten classification. By adopting this ap-
proach for affine-connection geometries with an asymmetric metric, the structure
and variety of such geometries can be investigated in a fully-geometrical formalism
without adopting any variational principle. The definition of autoparallel trajecto-
ries at first order has been established: these results can be compared with those
of 12, where autoparallel trajectories are derived from a modified Lagrangian, and
torsion is shown to be relevant even at zeroth order, playing the same role as the
gravitational field.
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